Abstract. Many representation theorems extend from planar graphs to planar hypergraphs. The authors proved in [10] that every planar graph has a representation by contact of triangles. We prove here that this representation result extend to planar linear hypergraphs. Although the graph proof was simple and led to a linear time drawing algorithm, the extension for hypergraphs needs more work. The proof we give here relies on a combinatorial characterization of those hypergraphs which are representable by contact of segments in the plane, We propose some possible generalization directions and open problems, related to the order dimension of the incidence posets of hypergraphs.
Introduction

Hypergraphs
A hypergraph H is an ordered pair (X, E) where X is a finite set whose elements are called vertices and E is a collection of nonempty subsets E of X called edges whose union is X. Two vertices x, y ∈ X (resp. two edges E, E ∈ E) are adjacent if {x, y} is included in some edge of H (resp. if E ∩ E is not empty). A hypergraph is linear if any two edges have at most one common element: ∀E, E ∈ E : |E ∩ E | ≤ 1. A loop of a hypergraph is an edge of cardinality 1. A loopless linear hypergraph is said to be simple. We note n(H) = |X| the order of H and m(H) = |E| its size. The sub-hypergraph of H induced by a subset A ⊆ X is the hypergraph H A = (A, E A ), where E A = {E ∩ A : E ∈ E; E ∩ A = ∅}. The representative graph B(H) of H is the black and white colored bipartite graph whose set of white vertices is X, whose set of black vertices is E and whose edges are those pairs {x, E} such that x ∈ E ∈ E. For terms in Hypergraph Theory, not specifically defined here, we refer the reader to [2] .
Different generalizations of the concept of graph planarity to hypergraphs have been considered (See [13] , for instance). Zykov proposed to represent the edges of a hypergraph by a subset of the faces of a planar map [28] . Walsh has shown that Zykov's definition (as well as another definition by Cori [4] ) is equivalent to the following: A hypergraph is planar if and only if its representative graph B(H) is planar [26] (See also [5, 14, 27] ). In the figures, hypergraphs are displayed by mean of their representative graph.
Geometrical Representations
Geometrical representations of planar graphs gained much attention these last three decades, particularly since planar graphs have been proved to have a straight line representation on a linear size grid [11, 12, 23] . Other geometrical representations have been proposed, like rectilinear representations (a.k.a. visibility representations) [19, 24] , representations by contacts of convex sets (for instance, circles [1, 15] or triangles [10] ) and representations by contacts or intersections of Jordan arcs or of straight line segments [7, 9, 8, 21] .
Contacts systems of segments are studied in [9, 8] . For instance, it is proved there that a graph is the contact graph 1 of a family of segments if and only if any subgraph induced by a subset of p ≥ 2 vertices has at most 2p − 3 edges. In particular any triangle-free planar graph is the contact graph of a family of segments (and this result extends to "triangle-free" planar hypergraphs). Not every planar graph (thus not every planar linear hypergraph) is representable by contacts of segments. The characterization of those planar linear hypergraphs which are contact hypergraphs of segments and points is recalled and discussed in Section 2.
A possible relaxation stands in allowing intersections. In [20] , Scheinerman asked whether any planar graph could be represented as the intersection graph of a family of segments. Chalopin, Gonçalves and Ochem recently claimed to have proved this conjecture. The authors have proposed the following strengthening of Scheinermann's conjecture.
Conjecture 1.
Any planar linear hypergraph is the intersection hypergraph of a family of segments.
Another possible relaxation stands in considering triangles instead of straight line segments. Actually, it is well known that any planar graph is the contact graph of a family of convex sets in the plane. Different kinds of convex sets have been considered, like circular disks [1, 15] . However, as no three circular disks can be in contact at a common point, this representation fails to extend to hypergraphs. In [10] , it is proved that any planar graph can be represented as the contact graph of a family of triangles in the plane. The aim of this paper is to extend this later result to planar linear hypergraphs.
Further Definitions on Graphs
For a subset X of vertices of a plane graph G, we denote N (X) the union of X and the set of the neighbors of the vertices in X in G, by G[X] the subgraph of G induced by X. The set of edges incident to a vertex in X and a vertex out of X is denoted by ω(X). When G is directed, ω − (X) denotes the set of the edges of ω(X) which are oriented toward X.
We denote by Extr(X) the vertex set of the outer face of G [X] . The Closure of X is the union of all the subsets Y such that Extr(Y ) = Extr(X). Notice that Clos(X) = Clos(Y ) if and only if Extr(X) ⊆ Y ⊆ Clos(X). The subset X is closed if X = Clos(X). The subset X of vertices is a disk of G if X is closed, has cardinality at least 3, and the outer face of G[X] is a cycle.
Contacts of Segments or Pseudo-segments
A finite set of Jordan arcs is called a family of pseudo-segments if every pair of arcs in the set intersects in at most one point. In particular, any family of segments is a family of pseudo-segments. A one-sided contact family of pseudosegments and points is a couple (A, P ), where A is a family of pseudo-segments that may touch (only on one side at each contact point) but may not cross and whose union is connected, and where P is a set of points in the union of the pseudo-segments including all the extremities of the pseudo-segments. For the sake of simplicity we shall use the term of contact system instead of "one-sided contact family" in the remaining of the paper.
Each contact system (A, P ) defines a connected bipartite plane graph G = (V • , V • , E), its incidence graph, where V • corresponds to the pseudo-segment set, V • corresponds to the point set and E corresponds to the set of incidences between points and pseudo-segments.
The graph G has no cycle of length 4 (as two pseudo-segments share at most one point) thus has girth at least 6. The planar linear hypergraph H whose representative graph is G is the contact hypergraph of (A, P ). When no three pseudo-segments of A touch at a single point, the contact hypergraph actually is a graph, which we shall call the contact graph of (A, P ). Contact hypergraphs of pseudo-segments have been characterized in [7] and contact hypergraphs of segments have been characterized in [8] and [9] .
Moreover, the contact system also defines an orientation of G: if x ∈ V • corresponds to a point p on a pseudo-segment S corresponding to y ∈ V • , the edge {x, y} is oriented from x to y if p is an extremity of S and from y to x, otherwise. This orientation is such that the indegree of a vertex in V • is exactly 2 and the indegree of a vertex in V • is at most 1. We call such an orientation a (2, ≤1)-orientation . The converse is quite simple to prove (see [7] ):
E) is the incidence graph of a contact system of pseudo-segments and points with the embedding and the orientation induced by the contact system if and only if G has girth at least 6, and the orientation of G is a (2, ≤1)-orientation.
The characterization of incidence graphs of segments and points given in [8] (Theorem 38) can be stated in a similar way:
E) is the incidence graph of a contact system of segments and points with the embedding and the orientation induced by the contact system if and only if G has girth at least 6, the orientation of G is a (2, ≤1)-orientation and each subset A ⊆ V • which has cardinality at least two is such that G[N (A)] has at least three sources on its outer face.
To consider disks instead of neighborhoods in the last condition, we introduce a new function. For a subset X of vertices, σ(X) denotes be the sum of ω − (Clos(X)) and the number of sources of G in Extr(X). 
Contacts of Triangles and Segments
Main Theorem. Any planar linear hypergraph is the contact hypergraph of a family of triangles and segments.
We shall first state some preliminary lemmas and explicit a few transformations on bipartite plane graphs. First recall the following orientation lemma, whose proof has been included for the sake of completeness.
Lemma 2 ([16]). Let G be a multigraph, let λ be a mapping from V (G) to IN. Then there exists an orientation of G such that each vertex v ∈ V (G) has indegree bounded by λ(v) if and only if
∀A ⊆ V (G) : E(G[A]) ≤ v∈A λ(v).(1)
Moreover, this orientation is such that each vertex v has indegree λ(v) if and only if we also have the global condition E(G) = v∈V (G) λ(v).
Proof 
for every vertex.
Given such an orientation O + of G + , we define: 
) is also the sum of the length of the faces of H thus, as all the interior faces have length 6 and as the outer face as length 2l, we get 2 E(G
Let t (resp. z) denotes the number of white vertices of γ which are matched in γ and is a sink of γ (resp. not a sink of γ). Obviously t + z = |γ ∩ M |. Every sink of γ has indegree 2 in γ hence is a white vertex of γ and is matched in γ. It follows that t is the number of sinks of γ hence also the number of sources of γ. Let e ∈ ω − \ M . Then either e is incident to a source of γ, or it is incident to a white vertex which is matched in γ and which is not a sink of γ. It follows that ω (if i < 3, or x 1 if i = 3) . 
Remark that the splitting of a vertex v of type 2 into v 1 , v 2 , v 3 preserves the length of the faces and the indegrees. After the splitting, each of v 1 , v 2 , v 3 is of type 1. Conversely, to represent planar linear hypergraph as the incidence graph of a family of triangles and segments in contacts, we will derive from the representative plane graph B of the hypergraph a bipartite plane graph Γ , so that each vertex of B will correspond either to a vertex or a face of length 6 of Γ , and deduce the representation of B from a representation of Γ as the incidence graph of a family of segments and points (see Fig. 1 and 2) .
Consider the orientation Ω(O
Although the exact details of the construction of an actual family of segments and points whose incidence graph is Γ can be found in [8] , we shall give some intuition of how it works: By using augmentations one reduces to the case where Γ have exactly 3 sources lying on the outer face. Then these vertices are embedded into 3 points of the plane in general position forming a triangle T 0 . The orientation and plane embedding of the bipartite graph are translated into a linear system which resolution gives the embedding of the remaining black vertices in the interior of T 0 . In this embedding, the white vertices correspond to the straight line segments which endpoints will be the points corresponding to the 2 incoming black vertices. This construction is described in [8] . A hint of these two steps is given in the last two drawings of Fig. 1 . According to the construction of Γ , a representation of the hypergraph H by contacts of triangles and segments follows.
Proof of the Main Theorem. Let H be a planar linear hypergraph. We may assume without loss of generality that H has order and size at least 3. We may also assume that the representative plane graph B = (V • , V • , E(B)) of H is 2-connected and that every face of B have length 6, as this may be achieved by adding some dummy vertices to H without creating any additional adjacencies between the original vertices of H. A representation of H by contact of triangles is then deduced from a representation of the augmented hypergraph by deleting the triangles corresponding to the dummy vertices:
According to Lemma 3, B + has an orientation such that every vertex in V • ∪ V • has indegree 3 and r is a source. By splitting all the vertices in V • having type 2, we get a graph Γ + (associated with a bipartite plane graph Γ ) and an associated orientation of Γ + , so that each vertex of B corresponds either to a vertex or a face of length 6 of Γ whose edges are oriented from the black vertices. According to Lemma 6, the graph Γ is the incidence graph of a contact system of segments and points with the embedding and the orientation induced by the contact system. As the faces of length 6 coming from splittings are then empty triangles, we deduce a representation of H.
Extensions and Open Problems
The incidence poset of a graph (or more generally of a hypergraph) is the poset where the only covers are defined by x < e if x is a vertex, e is an edge and e is incident to x. The dimension dim P of P = (X, P ) is the least positive integer t for which there exists a family R = (< 1 , < 2 , . . . , < t ) of linear extensions of P so that P = R = t i=1 < i . This concept has been introduced by Dushnik and Miller in [6] . A family R = (< 1 , < 2 , . . . , < t ) of linear orders on X is called a realizer of P on X if P = R. For an extended study of partially ordered sets, we refer the reader to [25] .
A celebrated theorem of Schnyder states that a graph is planar if and only if its incidence poset has dimension at most 3 [22] . Although the incidence poset of a simple planar hypergraph H has dimension at most 3 (what follows from [3] ), the converse is false: The linear hypergraph H with vertices 1, . . . , 5 and edge set {{1, 2}, {2, 3}, {3, 4}, {1, 4}, {1, 3, 5}, {2, 4, 5}} . is not planar (B(H) is a subdivision of K 3,3 ) though its incidence poset has a realizer 2 of size 3. Schnyder's theorem is generalized in [17] to a sufficient condition for the geometric realizability of an abstract simplicial complex and in [18] to a general representation theorem for posets. From this later theorem, it is easily deduced that the vertices of simple hypergraphs with incidence posets of dimensions d can be represented by convex sets of the Euclidean space of dimension d − 1, in such a way that the edges of the hypergraph are exactly the maximal subsets of vertices, such that the corresponding subset of convexes has a non-empty intersection. Thus, in some way, hypergraphs with incidence poset of dimension 3, although not necessarily planar, still have a strong relation with the plane. This encourages the following conjecture:
Conjecture 2. Any linear hypergraph with incidence poset of dimension at most 3 is the intersection hypergraph of a family of triangles and segments in the plane.
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